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Abstract

In this paper we extend upon the work done in Buckley et al. (2008) and Herron
and Poranee (2013) where metric space inversions and sphericalizations are investigated
using the quasihyperbolic metric. Here, we present an analogous study of metric space
inversions and sphericalizations, but this time using the Ferrand metric. Using what
we find for the Ferrand metric we also present new estimates for the stretching of the
quasihyperbolic metric when it is inverted. We also present some methods of calculating
or estimating the Ferrand metric using properties of the metric space itself.

1 Introduction and Definitions

In this section I will go through a brief introduction to inversions, sphericalizations, the
Ferrand metric, and Appolonian objects.
An inversion of a metric space (X, d) through the point o is the metric space (X, =

X\{o},d,) where d, is defined through the following equations.

. __ dz,y)
Zo(.%', y) = d(aj‘, O)d(y, O) (1)
do(z,y) = inf{SF_jio(zi, zii1: 2 = 20,25 =y € Xo} (2)

where the infimum is taken over all chains x,, ..., z;. This new distance function can be
pictured as taking the space X and inverting it through the point o so that the distance
between two points that are far away from o is small, but the distance between two points
which are close to o is large (and increasingly large the closer you get to o). From these

definitions, one can show that Vz,y € X



1 ! + !
i, < d,(x, < io(x, <
1 (z,v) (x,y) <oz, y) d(x,0)  d(y,o)

A sphericalization of a metric space (X, d) through the point o is defined in an analogous

way. The sphericalization of (X, d) is (X,,d) where d is defined below.

(3)

_ d(z, y)
oY) = T dw o) (1 + d(5,0)) )
d(z,y) = inf{SF |so(@s, zio1:x =20, .y xp =y € X} (5)

From these definitions, one can show that Va,y € X

1
<
=T+ d(o) T 1+dy o)

Using inversions and sphericalizations, we can make estimates of the Ferrand distance

(6)

1 R
Zso(ﬁay) S d(ZC,y) S so(x,y)

between two points, which is defined below.

®(z,y) = inf /gp(m)ds (7)
g

YTy
— d(a,b)
P0) = sup e a)d(b,7) ®)

where in the above definition, 2 C X such that (2 has at least two boundary points
(because without two boundary points, we cannot defined ¢ in the way we have). Another
important metric for studying the Ferrand metric is the quasi-hyperbolic metric, k(zx,y).

This metric is defined below for a set Q C X.

k(xz,y) = inf /5(93)(15 9)

vy Jy
= ) = inf 1
o(z) = d(z,00) = inf d(z,a) (10)

An important result of comparing J to ¢ is that Vo € Q

c 2
@ < 80(1:) < m (11)

— 1 diam(Q)
where ¢ = 2 diam(0Q) "




Above we defined ¢(z) using a supremum over points in the boundary of Q, but as we
will see later, we can actually also define ¢ using a supremum over points in the complement
of 2. I will not address this until later, however. In fact, in order to show this, we must first
define what are called Apollonian balls and Apollonian spheres, which I will do now. The
Apollonian sphere and Apollonian ball with limit points p, ¢ through the point ¢ (where

P, q, ¢ are all distinct points) is defined below.

AS(p,ql¢) ={z € X : |z,p,q,¢| = 1} (12)

AB(p,q|¢) ={z € X :[z,p,q,(| < 1} (13)

Equivalently, we can define it in the more useful form (for our purposes) shown below.

AS(p,ql¢) = {z € X - d(z,p) = td(z,q)} (14)
AB(p,q|¢) = {x € X : d(z,p) <td(z,q)} (15)

where the parameter t is found by plugging ¢ in for x. If we want to talk about a collection
of Apollonian spheres or balls determined by two points (we need three to determine a unique
AS), then we denote this by AS(p,q;t) or AB(p,q;t), respectively. t here is determined by a
third point in the way described above. We have now defined all the key quantities for this

study and we can now move on to proving some things using these definitions.

2 Inversions

Theorem 2.1. Let (X, d) be a geodesic metric space and let Q C X, = X\{o} (where o is
thought of as a generic base point which we invert through) be an open subspace of X with

at least two boundary points. Then the following inequality holds for all x € Q):

jz?

PLelw) < pole) < 16f2/p(a)

where |z| = d(z,0).

Proof. Let a,b € Q be phi-extremal points. That is, let ¢(z) = 7%(x). Then we automati-

cally get the following



do(a,b)

z) = sup 757(x) > 7%®(1) = —2 T~ 16
oli) = sup 7$7(a) > 7iha) = D (16)
Using (3), the above implies
io(a,b) d(a,b) 5 1 9
o > — n = = = 1
#o() diy(a,x)io(b,x)  4d(a, a:)d(b,:n)m 490(x)|9:| (17)

This establishes the first inequality. Now let’s flip the argument around and get the
second inequality. Let a,b € Q now be @,-extremal points. That is, let p,(x) = 7°(x).

Now we get

(2) d(a,b) _ d(a,b) d(o,a)d(o,b)d(0,x) (18)
P = e, 2)d(b,z)  d(a,z)d(b, ) d(o, a)d(0, b)d(o, )2
Now regroup the term on the right hand side and use (3) again to obtain
io(a,b) 2 1 —2
LS ket A, > 0, 19
ple) 2 e S sd(@ o) 2 fpo(a)lal (19)
O

Lemma 2.2. ds, is related to ds in the following way

ds

dSOZW

Proof. To see this, we need to consider how paths are stretched/squished when we invert

our metric space. Consider the maximal and minimal stretching estimates given below:

L(z, f) = lir;j;lp (fcgfx7§)(y)) (20)
Uz, J) = lim nf féipji)(y)) (21)

Buckley et al. (2008) gives us that the identity map (X,,d) — (Xo, do) satisfies L(x, id) =

l(z,id) = W for every non-isolated point x € X. This proves the Lemma.



We will now use Lemma 2.2 and Theorem 2.1 together to show Theorem 2.3.

Theorem 2.3. Let (X,d) be a complete metric space and fix a base point o € X. Also, let
Q be an open subspace of X,. Then the identity map (Q, ®) = (Q, ®,) is 16-bilipschitz.

Proof. Theorem 2.1 says that

16p(@)al? > gola) > p(@)laf (22)
16¢(x)|z|>dsy > wo(x)dsy > i(p(x)]m\sto (23)

We now make use of Lemma 2.2 and see that the above implies

ds ds 1 ds
166(a)laf* 5 > eule)ds, > pe@le S > fe@ll o (24)
1
16(x)ds > po(a)ds, > Ew( 2)ds (25)

We now recognize that since ®(z, y)=infy.ony [ @(x)ds and @o(z, y)=infyany [, Po(@)dso,
that the above inequality immediately implies that

1
16 (z,y) > Co(x,y) > 1—6<I>(:E,y)v:z,y e Q. (26)

We are now in a position to use Theorem 2.3 to obtain a new estimate on the stretching
of the quasihyperbolic metric when it goes through an inversion. This statement is made

precise in the following theorem.

Theorem 2.4. Let (X,d) be a complete metric space and fix a base point o € X. Let Q be

an open subspace of X,. Then the identity map (Q, k) =% (Q, ko) is %-bilipschitz where

1( diam(§2) )

=3 diam (092)

Proof. We know the following:
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(27) implies that

o5l (29)
14 12
@ ds _ ¢
Yds< 22 <« ¥
2als_ 5= cds (30)
We can now make use of Theorem 2.3 to get
YodS, < Lcls < @ < pds < 16¢pods, (31)
32 2 ) c c
Now use (28) to get
cds, _ds _ 32ds,
< =< 32
320, — & T by (32)
O

It immediately follows that the identity map (€, k) — (Q, k,) is 3%—bilipschitz.

3 Sphericalizations

Theorem 3.1. Let (X,d) be a geodesic metric space and let Q@ C X, = X\{o} (where o is
thought of as a generic base point which we invert through) be an open subspace of X with

at least two boundary points. Then the following inequalities hold for all x € €):

T 2
o) () < o) <1601+ faP)ota)

where |z| = d(z,0).

Proof. Let a,b € Q be phi-extremal points. That is, let ¢(z) = 7%°(x). Then we automati-
cally get the following

R d(a,b)
P = ) (33)

We have the following fact from Buckley et al. (2008) which we will make use of.



1

50(2,y) < d(x,y) < s0(,y) (34)

where s, is defined as follows.

d(z, y)
1+d(z,p))(1+d(y,p))

Now, using (33), (34), and (35) we can get that

So(x,y) = ( (35)

Ls.(a,
70 e )
N 1 d(a,b)) (1+d(a,0))(1+d(x,0))(1+d(b,0))(1+d(z,0))
— @) 2 (G o0 £ o)) d(a, 2)d(b, 7) )
(37)
— () > ;d(dgd’ggw (14 Ja)? (38)
— $(z) > Jo(@)(1 +]a]) (39)

So this establishes the first inequality in our theorem. For the other inequality, just flip
this argument around. Assume that we have points a and b € § such that ¢(z) = 7%(z).

Then we get automatically that

d(a,b)

p(z) > m (40)

Now we can multiply on top and bottom by a number of different factors such that we

can pull out factors of the s, distance between two points.

d(a,b)(1+ d(a,0))(1+d(b,0))(1+ d(a,0))(1+d(x,0))(1+d(b,0))(1+ d(z,0))

) 2 s 2)d(o, )1+ dla, ) (1 -+ d(b, 0)) (1 + d(a, 0))(L+ d(, 0)) (1 + (b, o) (1 + d(z, )

(41)

. So(a,b) 1
= o) 2 50(a, 7)50(b, ) (1 + d(z, 0)) 2

do(a,b) 1

= p(x) > 16do(a,a:)czo(b, ) 1+ ’$|)2 (43)
— (o) 2 o (44)
O



We will now look at how ds relates to ds.

Lemma 3.2. ds is related to ds in the following way:

ds

ds— %
T Ut )2

Proof. This proof is left to the reader, but can be shown in an analogous way to how Buckley

et al. (2008) show Lemma 2.2. O
We now want to use Lemma 3.2 and Theorem 3.1 together to prove Theorem 3.3.

Theorem 3.3. Let (X,d) be a complete metric space and fix a base point o € X. Also, let
Q be an open subspace of X,. Then the identity map (0, ®) =4 (Q, ) is 16-bilipschitz.

Proof. Theorem 3.1 says that

T < @) <16(1+ [ e(x) (45)
— PUSIj  pads < 1601+ laPp(o)ds (46)

Now we can use Lemma 3.2 to get the following.

o@(1+le)?  ds @+l ds . ) ds
< < ods < 16(1 —_—
I A0 ERE S 4 Qe S e s 0tk e e
(47)
wds A
= 16 < pds < 16¢pds (48)

We now recognize that since ®(z,y)=inf,.;~, f7 o(z)ds and é(m, y)=infyzny f7 cﬁ(m)(js,

that the above inequality immediately implies that

“ 1

O
Now we can use Theorem 3.3 to get a new estimate on the stretching of the quasihy-

perbolic metric when it goes through a sphericalization. This is spelled out in Theorem

3.4



Theorem 3.4. Let (X,d) be a complete metric space and fix a base point o € X. Let

be an open subspace of X,. Then the identity map (Q, k) =4 (€, l;‘) is %-bilipschitz where

— diam/(Q)
¢= %(dzam(gﬂ)) )

Proof. We know the following;:

c 2
- <p< = )
FSPS3 (50)
c 2
=<p< = 51
Ry (51)
(50) gives us that
2
e (52)
¥ ¥
@ ds _ ¢
Tds< —< Id
= 5 5 < 5= S (53)
We can now make use of Theorem 3.3 to get
ﬁg%g@gﬁgl&pd‘s (54)
2 2 ) c c
Now, (51) can be used to get
cdf < @ < 32(}5 (55)
320~ 0 )
O

It immediately follows that the identity map (€, k) = (1, ];‘) is %—bilipschitz.

4 Estimates for o(z)

Theorem 4.1. Suppose (X,d) is a metric space and Q C X, is an open subspace of X,.

Then

dodiameter of 09 < ¢(0) < 4(d,diameter of O).



Proof. Notice that (3) implies that for any a,b € X,

1 d(a,b) d(a,b)
——— T < do(a,b) < ——— o6
4 d(a,o0)d(b,0) ~ (a,) d(a,0)d(b,o0) (56)
But the quantities on the right and left of this inequality are just 7%(0). Thus,
1
17‘“(’(0) < dy(a,b) < 7%(0) (57)
1
— sup 7%(0) < sup do(a,b) < sup 7o) (58)
4 4 peon a,bedN a,bed0
1
Zp(o) < dydiameter of 9Q < ¢(0) (59)
1 1 1
. < —<— (60)
4d,diameter of 002 ~— ¢, ~ d,diameter of OS2
dodiameter of 9 < (o) < 4(d,diameter of 0N2) (61)
]

We will now establish that, even if we define ¢(x) using points in the complement of
our set, that the supremum of 7%(z) is established on the boundary of the set. Therefore,
defining ¢(z) using points in the complement and defining it using points in the boundary

are equivalent ways of defining (.

Theorem 4.2. The definitions p(x) = sup, beﬁT‘lb(x) and @(x) = SUpy peon 7%(x) are

equivalent, where Q = X\Q is the complement of §2.

Proof. We will show this by showing that 7%°(x) is maximized strictly when a and b are in
the boundary. As usual, begin with a geodesic metric space (X,d) and @ C X where the
set 2 = X\ contains at least two points. Consider a,b € Q, z € €, and the collection
of Apollonian spheres AS(x,b;t). It can be easily shown that t < ¢’ & AS(x,b;t) C
AB(z,b;t'). This is an important fact to keep in mind during this proof.

Now think about a path, v : [0,1] — X, where 7(0) = = and (1) = a. There exists
a unique ¢ € |y| such that AS(x,b|¢) N 9N # O and AS(z,b|¢) C Q. This should make
intuitive sense if you think about expanding spheres. Begin with an Apollonian sphere with
very small parameter ¢ so that the entire sphere is contained within 2. Now start increasing

t (this means expanding the sphere) until the sphere finally touches the boundary of €.

10



Then, since v is a path which begins inside 2 and ends outside €2, there must be a first
point, ¢ on that path where the sphere through =z, b, intersects the boundary of €2 and
where the Apollonian ball through x, b,  is still entirely contained within 2.

Now notice that we can write the Apollonian parameter, t, in terms of TCb(.’L'). By

definition, for an Apollonian sphere AS(x, b|¢), we have our parameter ¢t = Z((i’é; . Therefore,

t = W. Now, we know that a is not contained within AB(z,b|() since this ball is
entirely within 2, and a, as we have constructed it, is in the complement of 2. Therefore, if ¢/
is the Apollonian parameter such that AS(z,b;t") = AS(x,bla), then we have AS(z,b|¢) =
AS(x,b;t) C AB(z,b;t’). But, as mentioned above, this immediately implies that ¢t < t'.

Now we just write ¢ and ' in terms of 7¢°(x) and 7%(x), respectively, and we get the

following.
1
t= ——— 62
@)D o2
1
= ————— 63
P (. D) o)
We've got that ¢t < ¢/, therefore, L < L Cancelling factors of d(x,b)

7¢b(2)d(z,b) Tab(z)d(z,b) "

and inverting the inequality, we get that 79°(x) < 75°(z).
Now we can go through an analogous process looking at Apollonian objects with limit
points z and ¢ and we can show that we can increase 7 by using a point on the boundary

of Q rather than the point b. This proves the theorem.
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